For a graph G = (V, E), a Roman {2}-dominating function (R2DF)f : V → {0, 1, 2} has the property that for every vertex v ∈ V with f (v) = 0, either there exists an adjacent vertex, a neighbor u ∈ N (v), with f (u) = 2, or at least two neighbors x, y ∈ N (v) having f (x) = f (y) = 1. The weight of a R2DF is the sum f (V ) = v∈V f (v), and the minimum weight of a R2DF f is the Roman {2}-domination number γ {R2} (G). A R2DF f = (V 0 , V 1 , V 2 ) is called independent if V 1 ∪ V 2 is an independent set. The independent Roman {2}-domination number i {R2} (G) is the minimum weight of an IR2DF on G. In this paper, we show that the decision problem associated with γ {R2} (G) is NP-complete even when restricted to split graphs. We design a linear time algorithm for computing the value i {R2} (T ) for any tree T . This answers an open problem raised by Rahmouni and Chellali [Independent Roman {2}-domination in graphs, Discrete Applied Mathematics 236 (2018), [408][409][410][411][412][413][414].
Introduction
Let G = (V, E) be a simple graph with vertex set V = V (G) and edge set E = E(G). A Roman dominating function (RDF) on graph G is a function f : V → {0, 1, 2} satisfying the condition that every vertex u for which f (u) = 0 is adjacent to at least one vertex v for which f (v) = 2. The weight of a Roman dominating function f is the value f (V (G)) = v∈V (G) f (v). The minimum weight of a Roman dominating function on a graph G is called the Roman domination number γ R (G) of G. Roman domination and its variations have been studied in a number of recent papers (see, for example, [6, 5, 10, 7] ).
Chellali, Haynes and Hedetniemi [9] introduced a new variant of Roman dominating functions. For a graph G = (V, E), a Roman {2}-dominating function f : V → {0, 1, 2} has the slightly different property that only for every vertex v ∈ V with f (v) = 0, f (N(v)) ≥ 2, that is, either there exists a neighbor u ∈ N(v), with f (u) = 2, or at least two neighbors x, y ∈ N(u) have f (x) = f (y) = 1. The weight of a Roman {2}-dominating function is the sum f (V ) = v∈V f (v), and the minimum weight of a Roman {2}-dominating function f is the Roman {2}-dominating number, denoted γ {R2} (G). Let f = (V 0 , V 1 , V 2 ) be a function f : V → {0, 1, 2} on a graph G = (V, E), where V i = {v|f (v) = i}, for i ∈ {0, 1, 2}. A Roman {2}-dominating function (R2DF)f = (V 0 , V 1 , V 2 ) for which V 1 ∪V 2 is an independent set is called independent Roman {2}-dominating function (IR2DF), which was introduced by Rahmouni and Chellali [1] in a recent paper. The weight of an independent Roman {2}-dominating function is the sum f (V ) = v∈V f (v), and the minimum weight of an independent Roman {2}-dominating function f is the Roman {2}-dominating number, denoted i {R2} (G). The authors [1] provided a question, can you design a linear algorithm for computing the value of i {R2} (T ) in any tree T ? We will give a positive answer to this question.
Let f be a function that assigns to each vertex a subset of colors chosen from the set {1, 2}; that is f :
For a sake of simplicity, a 2RDF f on a graph G will be represented by the ordered partition (V
is called an independent 2-rainbow dominating function (I2RDF) of G, if f is a 2RDF and no two vertices in V (G) − V f ∅ are adjacent. The independent 2-rainbow domination number i r2 (G) is the minimum weight of an I2RDF of G. 2-Rainbow domination was introduced by Brešar et al.in [2] , and has been studied by several authors, see list of References for examples [3, 8, 11, 14] . We have known if G is a tree, then i {R2} (G) = i r2 (G) (see [1] ).
A graph is a split graph if it can be partitioned into a clique and an independent set. Split graph is an important subclass of chordal graphs (see [4] ). In this paper, we first show that the decision problem associated with γ {R2} (G) is NP-complete for split graphs. Then we give an exact dynamic programming style algorithm for computing the value of i {R2} (T ) in any tree T . Such the algorithm also gives the value of i r2 (T ).
Complexity result
In this section, we consider the decision problem associated with Roman {2}-dominating functions. ROMAN {2}-DOMINATING FUNCTION(R2D)
INSTANCE: A graph G = (V, E) and a positive integer k ≤ |V |. Proof. R2D is a member of NP, since we can check in polynomial time that a function f : V → {0, 1, 2} has weight at most k and is a Roman{2}-dominating function. The proof is given by transforming the vertex cover problem in general graphs to the Roman{2}-domination problem in split graphs. Given a graph G = (V, E), among them
with:
′ is a split graph whose vertex set V ′ is the disjoint union of the clique V 2 and the stable V 1 ∪ E. If G has a vertex cover C of size at most k, let f be a function that can be defined as follows.
It is clear that f is a Roman{2}-dominating function of G ′ with weight at most 2k+(n−k). On the other hand, suppose that G ′ has a Roman{2}-dominating function of weight at most 2k + (n − k). Among all such functions, let g = (V 0 , V 1 , V 2 ) be one chosen so that
(C3) Subject to Conditions (C1) and (C2):
(C4) Subject to Conditions (C1), (C2) and (C3): the weight of g is minimized.
We make the following remarks.
(i) No vertex in V 1 is assigned a 2. Indeed, suppose to the contrary that g(v ′ i ) = 2 for some i. We reassign to v ′ i a 0 instead of 2 and reassign to v i a 2 provides a R2DF on G of weight at most 2k + (n − k) but with less vertices of V 1 assigned a 2, contradicting our choice of g.
(ii) No vertex in E belongs to V 2 . Indeed, suppose that g(e i ) = 2 for some i and v j v k ∈ e i . By reassigning to e i a 0 instead of 2 and reassigning to v j a 2 instead of g(v j ), we obtain a R2DF on G of weight at most 2k + (n − k) but with more vertices of E assigned a 0, a contradiction.
(iii) No vertex in E is assigned a 1. Suppose that g(e i ) = 1 for some i and
(by definition of R2DF). By reassigning to e i a 0 instead of 1, we obtain a R2DF on G of weight at most 2k + (n − k) but with more vertices of E assigned a 0, a contradiction. Hence we may assume that g(v ′ j ) = 1(by item(i)). Clearly we can reassign to v j a 2 instead of 0, v ′ j a 0 instead of 1 and e i a 0 instead of 1. We also obtain a R2DF on G of weight at most 2k + (n − k) but with more vertices of E assigned a 0, contradicting our choice of g. (v) If a vertex in V 2 is assigned a 2, then its neighbor in V 1 is assigned a 0 because of the definition of R2DF.
(vi) If a vertex in V 2 is assigned a 0, then its neighbor in V 1 is assigned a 1 by the choice of g and item(i).
Therefore, according to the previous items, we conclude that
Consequently, C is a vertex cover for G of size at most k.
Since the vertex cover problem is NP-complete, the Roman{2}-domination problem is NP-complete for split graphs.
Independent Roman {2}-domination in trees
In this section, a linear time dynamic programming style algorithm is given to compute the exact value of independent Roman {2}-dominating number in any tree. This algorithm is constructed using the methodology of Wimer [13] .
Let T = (V, E) be a tree with n vertices. It is well known that the vertices of T have an ordering v 1 , v 2 , ..., v n such that for each 1 ≤ i ≤ n − 1, v i is adjacent to exactly one v j with j > i(see [12] ). The ordering is called a tree ordering of the tree, where the only neighbor v j with j > i is called the father of v i and v i is a child of v j . For each 1 ≤ i ≤ n − 1, the father of v i is denoted by F (v i ) = v j . For technical reasons, we assume that F (v n ) = v n .
Suppose that tree T is rooted at r and f is a function f : V (T ) → {0, 1, 2} on the tree T . Let T ′ be a new tree rooted at r ′ and f * be a function f
We make use of the fact that the class of rooted tree can be constructed recursively from copies of the single vertex K 1 , using only one rule of composition, which combines two trees (T 1 , r 1 ) and (T 2 , r 2 ) by adding an edge between r 1 and r 2 and calling r 1 the root of the resulting larger tree T . We denote this as follows: (T, r 1 ) = (T 1 , r 1 ) • (T 2 , r 2 ).
In particular, if f is an independent Roman {2}-dominating function (IR2DF) of T , then f splits two functions f 1 and f 2 according to this decomposition. However, f 1 (resp.,f 2 ) may not be an IR2DF of T 1 (resp.,T 2 ). We express this as follows: (T, f, r) = (
In order to construct an algorithm for computing independent Roman {2}-dominating number, we must characterize the possible tree-subset tuples (T, f, r). For this problem there are five classes:
In order to give the algorithm, we need to provide some theorems.
Theorem 2. For every tree,
Proof. Let (T, f, r) = (
. We consider some cases.
, from the construction of (T, f, r), we know f is an IR2DF of T and f (r) = f (r 1 ) = 2. We deduce that (
(ii) If (
, then f is an IR2DF of T and f (r) = f (r 1 ) = 2. We obtain (
The proof of this item can be similar with (iv).
. Indeed, we can show this item similar with (iv).
According to the previous items, we deduce that
, then f is an IR2DF of T and f 1 (r 1 ) = f (r) = 0. Consider the following cases.
Case 1. f (r 2 ) = 2. Using the fact that f is an IR2DF of T and
Suppose that f 1 is an IR2DF of T 1 , then we obtain (
Case 2. f (r 2 ) = 1. Since f is an IR2DF of T and
Suppose that f 1 is an IR2DF of T 1 , then we deduce (
Case 3. f (r 2 ) = 0. It is clear that f 1 and f 2 are both IR2DF. Then we obtain (
Theorem 5. For every tree,
We consider the following cases. 
, by the definitions of [e] and [b] , it is clear that f 1 is not an IR2DF of
Therefore, we obtain that
On the other hand, we show
, then f is not an IR2DF of T and f 1 (r 1 ) = f (r) = 0. By the definition of [d] and f 2 = f | T 2 , f 2 is an IR2DF of T 2 . Using the fact that f (N(r 1 )) = v∈N (r 1 ) f (v) = 1, we deduce that f (r 2 ) < 2. Consider the following cases.
Since 
, then f is not an IR2DF of T and f 1 (r 1 ) = f (r) = 0. By the definition of [e], we deduce that f (r 2 ) = 0. Using the fact that
Notice that Therefore, according to the previous theorems, we conclude that The final step is to define the initial vector. In this case, for trees, the only basis graph is the tree with single vertex v. It is easy to obtain that the initial vector is (3, 2, ∞, ∞, 0), where ′ ∞ ′ means undefined. Now, we are ready to present the algorithm. From the above argument, we can obtain the following theorem.
Theorem 7. Algorithm INDEPENDENT-ROMAN{2}-DOM-IN-TREE can output the independent Roman {2}-dominating number of any tree T = (V, E) in linear time O(n), where n = |V |. Such algorithm also gives the value of independent 2-rainbow domination number i r2 (T ).
